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2 In tro duction

There are 4 underlying forcesat work in physics

� gravit y

� electromagnetic

� strong nuclear

� weak nuclear

Gravit y is only important in large scalephenomena.

The strong and weak nuclear forcesonly comeinto play in nuclear physicswhen we deal
with the very microscopicworld and high quantum energies.e.g. radioactivity
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The electrostatic force between 2 protons is 1038 > gravitational attraction. The elec-
tromagnetic interation between electrons(charge) and photons dominates in almost all
commonly observed phenomena.Thereforeclassicalelectromagnetismor quantum elec-
trodynamicsare at the heart of much of physics.

Light is electromagneticand the physics of light, optics, is central to many physical
situations. We are interestedin how light behavesand ultimately we want to answer the
question"What is light?" In order to study light we must concernourselveswith a large
number of subjects, for example:

� electromagnetism

� quantum mechanics

� thermodynamics

� atomic physics

� solid state physics

� relativit y

There are 2 threads in the course:

� principles of optics - the theoretical modelling of light - what is it?

� photonics - optical devicesand applications - making light work

2.1 Coherence - quan tum cooperation

Coherenceis associatedwith the wave likenature of light. It manifestsitself in interference
and/or di�raction e�ects.

Temporal coherence and the harmonic content of the wave at a �xed point in space.

Perfect temporal coherencef (t) = Aexp(i! 0t)

Take Fourier transform F (! ) = C� (! � ! 0)

Only 1 frequencyis present and the wave is continuous in time. In practice the length of
the wave is �nite, a pulseof length � t. This leadsto a spreadin frequency:
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� f � 1=� t = � ! =2�

For a Gaussianwavepacket we have:

f (t) = A exp(i! 0t) exp(� t2=2� t2)

F (! ) = B exp(� � t2(! 0 � ! )2=2)

If have successive wave packets arriving randomly then:

C(t) =
P n

m=1 Am exp(i! (t � tm )) exp(� (t � tm )2=2� t2)

and the resulting amplitude is / n1=2.

If all the samelength and frequencythen still get the samebandwidth.

Can expressa bandwidth or coherencetime using a coherencelength. This amounts to
taking a snapshotof the packet as it passesand measuringits length. If the coherence
time is � t then length of packet in direction of travel must be c� t = � x.

The conceptof coherencelength is important in amplitude splitting interferencedevices
such as the MichelsonInterferometer.

We can also study the coherenceof light perpendicular to the direction of travel. This
is known as lateral coherence or spatial coherence and is important in wavefront splitting
interferencesuch asseenfrom Young'sslits.

The combination of temporal and lateral coherencede�ne a coherence volume.

We characteriseor quantify coherenceusing correlation functions. Such correlationsare
found by taking time averagesof the wave. This removes
uctuations due to the discrete
wave trains or packets.

When wecalculateinterferenceor di�raction patterns weare�nding correlation functions.
We combine component complexamplitudes arising from both the temporal (frequency)
and spatial (wavelength) characteristicsof the travelling wave.

Likewisewhenwe measureinterferenceor di�raction patterns the form of the distribution
tells us something about the coherenceof the light. Di�eren t degreesof coherenceare
illustrated in Figs. 1, 2,3 and 4.
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Figure 1: Perfect coherence
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Figure 2: Equal temporal and lateral coherence
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Figure 3: High lateral and low temporal coherence
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Figure 4: High temporal and low lateral coherence
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2.2 Polarization - angular momen tum

The polaraization of light is described using di�erent polarization states:

� P - linear light (plane polarized)

� R - right hand circular

� L - left hand circular

Natural light hasa random polarization as a function of time.

Plane polarized light can be described as a linear combination of right and left states
P = L + R. The electric �eld components of the P-state are shown in Fig. 5.

Circular light can be described as the summation of 2 orthogonal P states out of phase
by � =2. The electric �eld components of the R-state are shown in Fig. 6.

The polarization of light is important in re
ection, scattering, birefringence,optical ac-
tivit y.

Retardersand polarizerscan be usedto convert betweenstates,

P $ R or L

What happensto electronsexposedto circular light? Using the 2 P state picture we see
that the electron is driven sinusoidally in 2 orthogonal directions but with a � =2 phase
di�erence. Thereforea freeelectronwill move in a circle with angular frequency! . Thus
angular momentumis imparted to the electron.

The power deliveredis the rate of energydissipationdE=dt and this is equalto the product
of the torque T and !

dE=dt = T !

But T = dL=dt is the rate of changeof angular momentum. Thereforeassumingall the
light (photon) energyis absorbed by the electronwe can integrate giving

L = E=!

R or L stateshave associated angular momenta described by vectors. The R state rotates
clockwise looking towards the sourceand is represented by ~R pointing away from the
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Figure 5: P-state of polarization
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Figure 6: R-state of polarization
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source.The L state is represented by ~L a vector pointing towards the source(opposite to
the ~k wave vector).

2.3 Fields and photons

A light beam has coherencethat dependson the nature and geometryof the sourceand
region of propogation. The coherencedepends on the bandwidth � ! which in turn
dependson the energybandwidth � E.

A light beam hasa polarization and carriesangular momentum.

A light beam carriesenergy- irradiance - associated with the squareof the amplitude of
the electric �eld vector.

How are theseproperties tied up with the emissionand absorption processes?

2.4 Classical �eld theory

Described by Maxwell's equations.Charge,stationary and moving, generateselectric and
magnetic�elds which in turn imposeforceson other charge(Lorentz force). The classical
E-M �eld is physical, it is not just a mathematical trick to calculate the forcesbetween
charges.

Considera parallel plate capacitorchargedup with a vacuumbetweenthe plates. There is
an E-�eld in the gap. Now imagine the plates are moved apart. This requireswork to be
doneagainst the attractiv e forcebetweenthe 2 sheetsof chargeon the plates. Afterwards
the plates etc. look exactly the same. The only changeis that there is a greater volume
of vacuum betweenthe plates. Yet work hasbeendoneand more energyis stored in the
system. This energyis in the electric �eld betweenthe plates. The �eld contains energy
and hasan equivalent massgiven by E = mc2. There is no ether to support the �eld and
it hasenergy(or mass)as real as any other stu�.

2.5 Quan tum �eld theory

All interactions involve the creation and annihilation of particles. Forcescome about
through the exchangeof lumps of energyor quantaof the �eld in question. The �eld itself
is quantized. Classically we describe interferenceby summing electric �eld amplitudes
and �nding the intensity by calculating jampj2.
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In QFT we considerthe probabilities of particles arriving at somepoint from a source.
Theseprobabilities (or probability densities)are calculated from wave functions Prob=
j� j2. We sum the probabilites in the following way � = � 1 + � 2 + � 3 + � � �. Then

Prob= j� 1 + � 2 + � 3 + � � � j2

NOT Prob= j� 1j2 + j� 2j2 + j� 3j2 + � � �

This processnaturally leadsto interference.Considera beamre
ecting o� a planemirror.
We must sum the probabilites over all possiblepaths in a similar way to the application
of Fermat's principle. In the summation it is only contributions near to the classical
re
ection point that add up in phase. the contributions from the various points over the
mirror surfacestack together like a Cornu spiral. Contributions from remoteareasof the
mirror surfaceor an aperture are small and have little e�ect on the resultant probability.
We only start to seeinterferencee�ects when the dimension of the mirror or aperture
becomecomparableto the wavelength of the functions � n .

So our classicalE-M �eld becomesa quantized �eld which describes the probability of
detecting a photon.

2.6 Prop erties of photons

They carry energyE = h�

They carry momentum P = (E2 � m2
0c4)1=2=c

But m0 = 0, zerorest mass,so P = E=c= h=�

They carry angular momentum jLj = E=! = � �h

where� refer to the R and L polarization statesor photon spin.

Soemissionof photonsputs energy, momentum and angularmomentum into the quantum
�eld in lumps and absorption removesthem from the �eld in lumps.

Is the quantum�eld real?

Of course.A photon detector placedin such a �eld (light beam), receivesenergy, momen-
tum and angular momentum from the �eld. The detector feelsthe beam!

Coherence is quantum cooperation. A very largenumber of photonsare in the samestate.
This is possiblebecausephotons are bosonswith spin � 1. They are force carriers.
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Interference. Photons can only interfere with themselves. Di�eren t photons NEVER
interfere. So di�erent sourcesof photons don't interfere. Interferencebetweensourcesis
doneby splitting the �eld from a singlesource.You can set up Young'sslits with such a
low intensity of light that at any time only 1 photon is interacting with the slits. It still
works.

Polarization. When a photon is detectedit can be in a R or L state (spin � 1). Therefore
you can extract angular momentum from a circularly polarized beam.

3 Lasers

3.1 Stim ulated emission - cloning photons

A photon is emitted whenan electronin an atom undergoesa transition between2 energy
levels.

� = � E=h = (E2 � E1)=h

This can occur in 2 ways:

� Spontaneousemission- random - governedby a lifetime � 21

� Stimulated emission- in the presenceof a stimulating photon. The emitted pho-
ton has the sameE, P and L as the stimulating photon. It has the same� and
polarization state.

We normally only seespontaneousemission. This requiresjust an atom rather than an
atom plus a photon and consequently the transition probability is usually much higher.

The opposite process,absorption, always requiresa photon plus an atom and it is really
the reverseof stimulated emission.

Stimulated emissionwasdemonstratedto exist by Einstein in 1917. It canberegardedasa
resonancephenomenon.We canderive relationshipsbetweenthe processesby considering
a simple systemin thermal equilibrium.

In equilibrium the averagenumber of upward transitions must equal the averagenumber
of downward transitions. Let N1 be the number density of atoms in the low state and
N2 be the number density in the high state. Let � � be the energydensity of the light at
frequency� .
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� � = N � h� whereN � is the number of density of photons per unit frequencyinterval.

There are 3 transition rates:

� N1� � B12 upwards due to absorption

� N2� � B21 downwards due to stimulated emission

� N2A21 downwards due to spontaneousemission

In equilibrium N1� � B12 = N2� � B21 + N2A21

or � � = A 21 =B21

(B 12 N1=B21 N2)� 1

In thermal equilibrium Boltzman statistics give:

N j = gj N0 exp(�E j =kT )P
i

gi N i exp(Ei =kT )

whereN0 is the total population density and N j is the occupancyand gj is the degeneracy
of the jth level. Using this we get:

N1=N2 = (g1=g2) exp(h� =kT)

But � � is alsogiven by the Planck distribution for black-body radiation:

� � = 8� h� 3

c3
1

exp(h� =kT )� 1

Soequating the 2 expressionsfor � � givesus

g1B12 = g2B21 and A21=B21 = 8� h� 3=c3

Theseare known as the Einstein relations and A12, B12 and B21 are called the Einstein
coe�cien ts. The ratio of spontaneousto stimulated emissionis given by

R = A21=� � B21 = exp(h� =kT) � 1

For examplein a hot �lament at 2000Kwith � � 5� 1014 then R = 1:5� 105. Stimulated
emissionis completely swamped by spontaneousemission.

In order to boost the stimulated component we must increaseN2=N1 and � � . This is
achieved in the LASER process- Light Ampli�c ation byStimulated Emissionof Radiation.
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3.2 Population inversion

Imaginewehavea collimated,monochromatic beampassingthrough an absorbingmedium
containing just 1 relevant transition E2 $ E1 with � 12 = (E2 � E1)=h.

If � is the absorption coe�cien t

dI (x)=dx = � � I (x) =) I = I 0 exp(� � x)

Ignoring scattering lossesand spontaneousemissionwhich is isotropic

� dN� =dt = N1� � B12 � N2� � B21

so � dN� =dt = (g2N1=g1 � N2)� � B21

If n is the refractive index I � = � � c=n= N � h� 12c=n

� N � (x) = � x dI �
dx n=h� 12c

but � t = � xn=c so we get

dN� =dt = dI �
dx

1
h� 12

= � � I � =h� 12

dN� =dt = � � � � c=nh�12

Therefore� is given by

� = (g2N1=g1 � N2)B21h� 12n=c

If � is negative N2 > g2N1=g1 and the beam intensity will increaseexponentially I =
I 0 exp(�x ) where

� = � � is called the small signal gain.

To get positive gain we require a population inversion. Such an inversionrequiresenergy
from a pumpingprocess.The pumping producesnonthermal equilibrium.

3.3 Pumping - 3 and 4 level systems

BecauseB21 = B12 we must usea third level to get N2 > g2N1=g1.
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Pumping is into an energylevel above the top level of the LASER transition. This level
must decay rapidly to �ll the top level. Often the pumped levels consistof a band which
give a high level of absorption to a wide spectrum.

The 3 level systemis ine�cien t becausethe lower level of the LASER transition is always
populated.

A 4 level system is much more e�cien t. In this casethe population in E1 will be low
providing E1 � E0 > kT.

The 3 and 4 level systemsare illustrated in Figs. 7 and 8. In each casethe left-hand
diagram shows the distribution at thermal equilibrium (Boltzman) and the right-hand
diagram shows the distribution with pumping. In order to achieve and maintain a

Figure 7: 3 level lasersystem

population inversion we must excite electrons into the short lifetime levels above the
upper LASER level. There are a number of ways this can be done.

� Optical pumping - usean intense
ash of white light. Usere
ectors etc. to concen-
trate as much of this light into the LASER beamvolume.

� Electric current. Power sourceuseddirectly in semiconductorlasers.

� D.C. discharge. Usedin gaslasers.

� Gas dynamic discharge - usesthermodynamic properties of gas- push gasthough
a compression-expansioncycle.
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Figure 8: 4 level lasersystem

� Laserpumping by other lasers.

3.4 Optical feedback - resonant cavities

The LASER schemedescribed sofar ampli�es the light beambut the gain per unit length
in the active medium is usually rather small. To get large gainswe needa long path all
of which is pumped. A neat way of getting this is to fold the beamon itself by re
ection
between2 mirrors. This traps the beam in a resonant cavit y often called a Fabry Perot
Resonator.

Di�eren t forms of cavit y are usedfor di�erent applications:

� plane plane - this producesa large mode volume but is di�cult to make because
the mirrors must be 
at and parallel.

� large r 1 large r 2 - givesmaximum power

� confocal - very easyto align

� hemispherical- can get good coherence

20



Figure 9: Lasercavit y geometries
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Theseare shown in Fig. 9.

In each caseone mirror is madehighly relecting while the other is made to leak so that
the beampenitrates to the outside world. In many laserstuning is achieved using �lters
and/or quarter wave stacks on the mirrors to selectspeci�c wavelengths.

The power output is limited by a number of lossmechanisms:

� the transmissionof the output mirror

� absorption and scattering at the mirrors

� absorption in the medium from other transitions

� optical scattering in the medium

� di�raction in the cavit y

A lasercavit y hasa characteristic life time. Let the loss(output beam) at oneend of the
cavit y be:

� W = � W(1 � R)

whereW is the energydensity and R is the re
ectivit y.

The time for 1 round trip up and down is:

� t = 2L
v

whereL is the length of the cavit y and v is the velocity.

Sowe have the rate of lossof energydensity as:

� W
� t = � W(1 � R) v

2L

Integrating we get:

ln(W) = ln(Wo) � (1 � R) vt
2L

Sothe time constant of the cavit y is:

tc = 2L
v(1� R)

W = Wo exp( � t
tc

)
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If the gain is switched o� then the output decays exponentially . This can control the
coherenceof the output beam.

e.g. R=0.99, L=5mm, tc � 3:3 ns

� � = 1
tc

= 3 � 108 Hz.

or correlation length:

ctc = 1 m

Sothe number of round trips up and down the cavit y is � 100.

If the frequencyis 3 � 1014 Hz (optical) then the Q factor is given by:

Q = �
� � � 106.

3.5 Line broadening

So far we have ignored the fact that the spectral lines or transitions have a �nite width,
they are not truly monochromatic.

The small signal gain must be written as:

� (� s) = (N2 � N1g2=g1)B21h� sng(� s)=c

whereg(� ) is the line pro�le function and the beamis monochromatic with frequency� s.

The shape of g(� ) arisesfrom the following:

� Doppler broadening- physical motion of the atoms

� collision (pressure)broadening- a third interrupting particle

� natural broadening- the life time or damping of the transition

If all atoms yield the SAME centre frequencythen a Lorentzian pro�le results. This is
the casefor natural broadening.

g(� ) = � �
2�

1
(� � � 0)2+(� � =2)2

23



If each atom yields a di�erent centre frequencyasin the caseof Doppler broadening,then
a Gaussianpro�le results.

g(� ) = 2
� �

q
ln(2)=� exp(� ln(2)( � � � 0

� � =2)2)

Note I (� ; x) = I (� ; 0) exp(� (� )x)

Since � (� ) / g(� ) we do NOT get the line pro�le on ampli�cation. The non-linear
responseboosts the centre frequenciesand producesspectral narrowing.

Typical transmissionand emissionpro�les for a single transition are shown in Fig. 10.

Figure 10: Transition pro�les of transmissionand emission

3.6 Laser mo des

In the resonant cavit y formed by the mirrors we get a standing wave pattern of electric
�eld intensity.

We know p�= 2 = l where p is an integer and l is the optical path length of the cavit y.
Thereforewe get a seriesof frequenciesgiven by:

� p = pc=2l

Each p de�nes an axial mode of the cavit y. The separationof the modesis therefore

� � = c=2l
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Only those modes which lie within the peak of the gain pro�le will be ampli�ed and
maintained. Note that the peaks are much narrower than the Fabry-Perot resonance
responsebecauseof the gain.

Fig. 11 illustrates how the combination of the gain pro�le and cavit y modesgive rise to
a seriesof closelypacked excited modes.

The width of the mode peaksis usually described in terms of a Q factor.

Q = 2� (ener gy stor ed)
(ener gy dissipated per cycle) = � =� �

Typically Q = 108 which is very large comparedwith, say, 100for an electrical oscillator.

The � � � 1M H z comparedwith 109H z for a Fabry-Perot cavit y.

If care is taken to reducelossesthe Q can be very high.

The electric �eld vector is always transversesowe get socalledTEM's, transverseelectric
modes.

The modesare labelled by the number of minima in the electric �eld intensity seenwhen
scanningup or acrossthe cavit y. So we get TEM 00, TEM 01 etc..

The TEM 00 mode adjusts itself sothat the mirror surfacesaresurfacesof constant phase.

The TEM 00 modecanbe selectedout usinga suitable aperture in the centre of the cavit y
producing a so called uniphasemode.

Fig. 12 shows the intensity distribution of TEM modesat the centre of a lasercavit y.

Fig. 13 illustrates the TEM 00 mode. The value of ! 0 on the diagram is usually de�ned to
be the width of the modesuch that the �eld amplitude hasdroppedto 1=eof its maximum
value.

Uniphaseoperation givesvery high spectral purit y.

Multimo de operation can give high power.

3.7 The hallmarks of laser activit y

Laser activit y can be distinguished from ampli�ed spontaneousemission,superlumines-
cenceor similar phenomenaby:
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Figure 11: Excited lasermodeswithin the gain pro�le
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Figure 12: Intensity of TEM modesat centre of lasercavit y
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Figure 13: TEM 00 mode

� A threshold in output energyas a function of input or pumped energywith a high
lasing e�ciency above the threshold.

� Strong polarization of the output beam.

� Spatial coherenceas indicated by a di�raction limited output beamor speckle.

� Signi�cant spectral line narrowing.

� The existenceof lasercavit y resonancesor modes.

4 T yp es and classes of laser

4.1 Dop ed insulator lasers

The active medium is solid, usually crystalline, containing impurities often introducedby
doping.

Historically this was the �rst classof laser,using ruby crystals.

A moremodernexampleis Nd:YAG which consistsof ythrium aluminium garnet(Y3Al 5O12)
with neodymium N d3+ impurit y in ythrium sites. It is this impurit y which doesthe work.
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Fig. 14 is a simpli�ed energy level diagram of a Nd:YAG system. Essentially a 4 level
systemwith a laser transition of � = 1:06�m (1.17eV).

Figure 14: The Nd:YAG energylevel diagram

Pumping is by optical 
ash, usinga light pulseof duration 1ms. Fig. 15showsa schematic
of the completeoptical system.

The laserstarts 0.5msafter the pumping 
ash starts and the output consistsof a seriesof
1�s pulsesseparatedby 1�s . This is becausethe energylossdue to the LASER action is
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Figure 15: Schematic of the optical systemin a doped insulator laser

faster than the pumping. Such pulsing behaviour reducesthe coherenceof the laser light
becausethe spikesare unrelated.

The e�ciency is only about 0.1%. By contrast the relatedNd:Glasslaserproduces3 times
the power of Nd:YAG but hasa broader line width.

4.2 Semiconductor lasers

They are basically a diode junction. In order to get LASER action there needsto be a
regionwhereBOTH excitedelectronstatesand holes(vacant electronstates)are present.

This is achieved usingheavily doped n and p material and applying a forward bias to the
junction. Fig. 16 shows the energylevels either sideof the diode junction.

Under forward bias the active region is only thin, for examplein GaAs at room tempera-
ture 1 to 3 �m . This thicknessis controlled by the di�usion length of the electrons.The
geometryof the active region is shown in Fig. 17.

No external mirrors are used. The facesare cleaved or ground perpendicular to the
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Figure 16: Energy levels in a semiconductorlaser(a) in equilibrium and (b) with forward
bias
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Figure 17: The active region of a semiconductorlaser

junction. Using Fresnel'sequationsthe normal incidencere
ectivit y is determinedby the
refractive index. For examplen = 3:6 for GaAs which givesa re
ectance of 0.32.

The active junction regionhasa slightly di�erent n soacts asa waveguidewhich contains
the laser light. A schematic view of the completesemiconductorlaser is given in Fig. 18.

The pumping energycomesfrom the diode current. LASER action is induced above a
certain threshold current density.

The principle lossmechanismis scatteringby optical inhomogeneitiesin the activevolume.

Becausethe active region is thin the exit beamspreadsdue to di�raction. The beamfans
out perpendicular to the junction plane.

� = �=t , if t = 3�m and � = 0:84�m then � = 19� .

4.3 A tomic gas lasers

The common He-Ne laser. Ne provides the energy levels and He provides pumping by
electron and atomic collisions. Pumping is by a two stageprocess:

e1 + H e = H e? + e2 an electron loosesenergyto He atom.

H e? + N e = N e? + H e excited He collideswith a Ne atom.
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Figure 18: A semiconductorlaser
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Sopumping is by d.c.discharge,2 to 4 kV acrossa tube of gasat 10 torr.

A completesystemis shown in Fig. 19 and the energylevel diagram for the He-Nelaser
is shown in Fig. 20.

Figure 19: The atomic gaslaser

Low power but high collimation, polarization selectedby Brewster window and � � ex-
treemly small. The Fresnelre
ectivities utilized in a Brewster window are shown in Fig.
19.

4.4 Ion lasers

The principle of operation is similar to atomic gaslasersbut high dischargecurrents are
usedto strip the atoms of electonsto form ions.

An exampleis the Ar ion laser. Powerful ContinuousWave operation can be achieved by
complicateddischargegeometryto maximize the pumping power.

Several watts CW output or upto 1 kilowatt in microsecondpulsescan be generated.

High dischargecurrent 15-50A. Pump to 4P states,35eVabove ground state by multiple
collisions. Transitions correspond to 4P-4S,514.5nmand 488nm. UseBrewster window
at endsof gastube to isolate a singlepolarisation with minimum re
ection losses.

The construction of a typical argon ion laser is shown in Fig. 21.

Usedto pump dye lasers(seebelow).
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Figure 20: The energylevel diagram of the He-Nelaser
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Figure 21: The construction of an argon ion laser

4.5 Molecular lasers- the carb on dioxide laser

Very important in technologicaland industrial applications.

Usethe vibrational modesof the molecule. Get the output in the IR. For CO2 laser the
main transition is at a wavelength of 10:6�m . The vibrational modesof the moleculeare
shown in Fig. 22 and the energylevel diagram for the CO2 systemis shown in Fig. 23.

Again used.c. discharge to pump but becausethe coupling betweenthe energylevels is
so high this type of lasercan be very e�cien t, upto 30%.

Can easily obtain 100watts CW from a laser1 metre long.

Using gasdynamic pumping can get an incredible 100kW of CW power.

Compressand heat a mixture of nitrogen and carbon dioxide. In this state a largeamount
of energyis stored in vibrational modesof the N2. If the gas is then allowed to expand
fast into a low pressureregion the temperature drops and someenergy is transfered by
resonant collisionsinto the (001) state of the CO2 thus creating a population inversion.

4.6 Liquid dye lasers

Thesecontain an organic dye in a solvent.

Such dyescan be excited by absorption of short wavelengthsand 
uoresce by emitting at
longer wavelengths.
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Figure 22: The vibrational modesof a CO2 molecule

Figure 23: The energylevel diagram of a CO2 laser
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There are a large number of electronic energy levels in bands. Therefore get a large
number of possibleLASER transitions and such lasersare tunable.

Pumping is doneoptically using radiation from another laser, for examplea Ar ion laser.

A schematic of the energy level diagram of a liquid dye laser is given in Fig 24. The
output spectra from variousdyesare shown in Fig. 25. The optical elements of a tunable
laminar 
o w dye laserare shown in Fig 26.

Figure 24: Schematic energylevel diagram of a liquid dye laser

Figure 25: Output spectra from various dyes
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Figure 26: The optical layout of a tunable 
o w dye laser

Use laminar 
o w in a thin layer to prevent build up of absorption losses(absorption T1
to T2).

The small signal gain is relatively high becausein the liquid (dense)state.

4.7 The free electron laser

Unlike the other typesof laser there is no medium which contains bound electrons.

The freeelectronsarestrippedfrom atomsin an electrongunandacceleratedto relativistic
velocities.

The beam of electronsis injected through an undulator - a periodic array of magnetic
dipoles. An initial radiation �eld from a seedlaseror spontaneousemissionin the undu-
lator is ampli�ed by the interaction of the electronswith the electromagneticradiation
�eld. As the electronspassthrough the undulator they are acceleratedup and down in
the transversedirection by the magnetic �eld. They move in a sinusoidal path and emit
Synchrotron Radiation.

The radiation �eld grows exponentially and this is accompaniedby pronouncedlongitu-
dinal density bunching of the electrons.

The wavelength of the laser is not limited by speci�c transition energiesbut dependson
the acceleratorenergy and the undulator properties. VUV and X-ray wavelengthsare
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Figure 27: Basic components of a FEL

Figure 28: The undulator at the SRC University of WisconsinMadison
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possible.

Can usemirror cavities in optical but for VUV and X-ray wavelengthsmirrors don't re
ect
at normal incidenceand so one passthrough a long undulator must be used. In their
rest frame the electronsemit dipole radiation but becausethey a travelling at relativistic
velocity the radiation in the laboratory frame is beamedtowards the forward direction
with open angle:
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=
mec2

Ee

The de
ection of the electronsfrom the forward direction is comparableto this opening
angle so that the radiation generatedby electronsalong a period of the undulator, � u

overlaps(interferesconstructively) giving the �rst harmonic radiation wavelength:

� ph =
� u

2
 2
(1 + K 2

r ms )

whereK r ms is the ratio of the averagede
ection angleof the electronsto the typical open-
ing angleof the synchrotron radiation. If Bu is the rms magnetic �eld in the undulator:

K r ms =
eBu � u

2� mec

The interferencecondition meansthat in travelling one period along the undulator the
electronsslip one period of the radiation wavelength (becausethe electromagnetic�eld
movesfaster than the electrons).

The electronsinteract with their own spontaneousemission.Electronsthat areoscillating
in phasewith the EM wave are retarded while those out of phaseare accelerated.This
leads to electron bunching which in turn ampli�es the EM �eld and the electronsthen
radiate in phasewith the radiation.

To get exponential ampli�cation of this spontaneousemissionyou needa very monochro-
matic electron beam, high electron density, precisemagnetic �eld and many periods in
the undulator.

In the beginning, with a bunch of Ne electrons,the spontaneousemissionpower / Ne.
Later with bunching the power / N 2

e and the stimulated processdominates.

The exponential gain is expressedusing a gain length L g. The power increasesas:
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Figure 29: The electronorbit
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P(x) = P0 exp(2x=Lg)

whereLg � � u=(4� � ).

� = � ! =! is the FEL ampli�er bandwidth or ratio of output radiation power to electron
beampower. This parameterdependson the quality of the electronbeamand undulator
and is typically 10� 3 to 10� 4.

The radiation hasvery high lateral coherenceand is plane polarized.

The temporal coherenceis limited by the factor � above. This is due to the inital shot-
noiseand the way the electronbunching occurs.

The VUV FEL underconstructionat the TESLA TestFacility (TTF) at DESY (Deutsches
Electronen-Synchrotron) usesthe "self-ampli�ed spontaneousemission"(SASE) mode. It
will deliver sub-picosecondradiation pulseswith gigawatt peak powers down to a wave-
length of 6 nm. So far down to 80 nm.

4.8 The prop erties of laser ligh t

To greater or lesserextent laser light is:

� very intense

� highly collimated

� highly coherent

� can be continuous or very short pulses

The intensity dependson the pumping power and the e�ciency of the LASER mechanism.
There is always a tradeo� betweenthe intensity and the coherenceand/or collimation.

The collimation is set by di�raction.

� = K �=D whereK � 1 and D is the e�ective aperture diameter.

Typical angular beamwidths are:
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Type milli radians
He-Ne 0.5

Ar 0.8
CO2 2
Dye 2

Nd:Glass 5
GaAs 20 by 200

The coherencedependson the number of modesexcited and the duration of the pulses.
Typical coherencevaluesexpressedas lengths, L c, are:

Type L c m
He-Ne(single mode) upto 1000
He-Ne(multimode) 0.2

GaAs 1 � 10� 3

Nd:Glass 2 � 10� 4

5 Photon statistics

When light is detected photons are destroyed. If the detector is sensitive enoughthen
you can count the photonsdetected- they behave like particles. For examplein a photo-
multiplier tube each photon generatesa cloud of � 106 electronsand if you count these
electron clouds(as a current) you can count the photons.

The photon counting statistics, i.e. the probability distribution for the number of photons
detected/counted in a given time interval dependson the nature of the light source.

If the sourceis chaotic, like a light bulb, and the measurement time is much shorter than
the coherencetime, tc = L c=c, then the probability distribution is the Planck photon
probability distribution (sometimescalled the geometricor Thermal distribution):

p(n) =
< n > n

(1+ < n > )1+ n
(1)

where< n > is the meanvalue.

The distribution hasvariance(� n)2 = < n > 2 + < n > . The �rst term on the right-hand
side is called the wave contribution and the 2nd term the particle contribution.

If < n > is large then we get:
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p(n) �
1

< n >
exp(� n= < n > ) (2)

and the rms 
uctuation is � n � < n > . i.e. the wave contribution dominatesif < n > is
large.

If the measurement time is much longer than the coherencetime (or alternatively the
measurement time is longer than the characteristic time scale for 
uctuations in the
source)then the probability distribution is the Poissondistribution:

p(n) = exp(� < n > )
< n > n

n!
(3)

which hasvariance(� n)2 = < n > . i.e. we are left with just the photon contribution.

If the light sourceis coherent, like a laser,then the probability distribution is the Poisson
distribution independent of the measurement time.

When a laserstarts up the light is initially chaotic but after a few � secondsit becomes
coherent. So the photon statistics measuredover very short times changesas the laser
light begins.

Measurement of photon statistics is a way of distinguishing between a coherent laser
sourceand a thermal sourcewith a very narrow bandwidth. The 2nd order correlation
function, i.e. the probability that photons arrive in coincidenceat two photon detectors
as a function of the arrival time di�erence, is used. For a chaotic sourcethe number of
coincidencesis larger for times below tc. i.e. the photons have a tendency to arrive in
bunchesor packets. For coherent light this doesnot happen. The photon emissionfrom
a laser is more regular, without bunching.

6 Optical wave guides - �bre optics

Light can be transmitted from A to B using a transparent dielectric �bre or light pipe.

The principle has beenknown since1847but it is only with the recent development of
very thin cladded dielectric �bres that light pipes have becomeuseful. So called �br e
optics now play an important role in communications systems.

The problemsthat needto be overcomeare:
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� lossesand attenuation

� dispersion

� manufacture

� joining �bres

� injecting and detecting the signal

If the diameterof the �bre is largecomparedwith the wavelength,� , then the propogation
processcan be described by geometric(ray) optics.

If the diameter is the sameorder as� then we must usewave (physical) optics to describe
the behaviour. In this casethe �bre acts as a waveguide.

Fibre optics utilize Total Internal Re
ection (TIR) at the interface between 2 media,
wherethe light is travelling in the densermedium. This is illustrated in �g. 30.

Figure 30: A ray in a planar wave guide n1 > n2

The critical angle of re
ection occurs when � t = 90� and the transmitted ray travels
parallel to the surface.Using Snell's law at the critical anglewe get:

sin� i = nc=nf wherenf > nc and the light is incident from nf .

So the critical angleis given by � c = sin� 1(nc=nf )
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6.1 Planar wave guides - a simple wave mo del

If the diameter of the �bre, D, is small we must include the e�ects of interferenceas the
light propogates.To do this we will considera simpleplanar waveguidelike a microscope
slide.

A planewave is propogating at re
ection angle� r down a planar guideof width d. Points
A and C lie on a commonwavefront of all the components travelling in the direction A
to B. See�g. 31.

Figure 31: The interferencecondition in a planar waveguide

The phasedi�erence introducedby re
ection A to B to C must be 2� if we are to achieve
propogation. Under this condition all the re
ected wavefronts interfere constructively.

(AB + BC)2� nf =� o � 2� = 2� m wherem is an integerand � is the phasechangesu�ered
at each re
ection.

AB + BC = BC(cos2� r + 1) = 2BC cos2 � r = 2D cos� r

Thereforewe get propogation if:

2� nf D cos� r =� o � � = � m

Unfortunately � = f (� r ) so we can't solve this equation easily.

However rearranginggives:
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m = 2Dnf cos� m =� o � �=�

where� m is the re
ection anglefor the mth mode.

But sincewe have TIR sin� m > nc=nf or

cos� m <
q

1 � (nc=nf )2 so

m � (2Dnf =� o)
q

1 � (nc=nf )2 � �=�

Since� � � we can estimate the maximum number of modesthat can propogate in the
wave guide.

If we de�ne V = (� D=� o)
q

n2
f � n2

c then

m � (2V � � )=�

V is called the normalisedthicknessof the �lm. If 2V < � then there is no propogation.
If 0 � (2V � � )=� < 1 get just onemode that can propogate.

As you might expect, the larger the normalisedthicknessV, the greater the number of
modeswhich can propogate.

Fig. 32 shows a ray injected into the and faceof the waveguide. In Fig. 32 if � < � c then

Figure 32: Injection of a ray into the waveguide. � is the injection angle.
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we get no TIR and henceno propogation. This de�nes an � imax .

sin� c = nc=nf == cos(90 � � ) =
q

1 � sin2(90 � � )

But from Snell's law sin(90 � � ) = no sin� =nf so

(nc=nf )2 = 1 � (no=nf )2 sin2 � imax or

no sin� imax =
q

n2
f � n2

c

no sin� imax is called the numerical aperture. It determinesthe speed or light gathering
power of the system.

6.2 The uncertain ty principle

The argument aboveshowsthat light will not propogatedown a waveguideif the thickness
(or more strictly the normalisedthickness)is too small. From the quantum mechanical
viewpoint this says that photonswill not propogatein the guide if the dimensionsare too
small. Why not?

Using the de Broglie relationship the momentum of a photon is:

P = hn f

� o

At the limit when m = 1 and cos� m =
q

1 � (nc=nf )2 we get

1 � D P
h 2cos� m � �

�

But P cos� m = Py is the transversecomponent of the momentum and D = � y is the
uncertainty in the position of a photon acrossthe guide sowe only get propogation if:

� yPy � (1 + �
� ) h

2

The photons obey the Uncertainty Principle.

6.3 Polarization states

We must considertwo polarization stateswhencalculating valuesof � m . If the E vector is
in the plane of re
ection we get transversemagnetic(TM) modesand if H is in the plane
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of re
ection we get transverseelectric (TE) modes. The phasechangeat TIR dependson
the polarization state and therefore the propogation anglesare di�erent for the TM and
TE modes. The mode number m is usually incorporated into the nomenclaturesowe get
TMm etc..

The electric �eld amplitude at someposition in the guide can be calculatedby summing
the components re
ected from each interface. The e�ective amplitude in the guide is
given by:

2Eo cos(� m=2 � (� m + � )y=D) wherey is the distancefrom the centre line and D is the
width of the guide.

Each mode producesa standing wave pattern acrossthe guide.

When we have TIR at a denseto rare interfacethere is still �eld penitration into the rare
medium. We get an evanescent wavewhich decays exponentially:

E(y) = Eo exp(� (2� ncy=� o)
q

n2
f sin2 � r =n2

c � 1)

where � r is the re
ection angle. This expressiontells us how thick the cladding must be
to give a good re
ection.

The electric �eld amplitudes acrossthe guide are illustrated in Fig. 33.

The path lengths of rays associated with each mode depends on � m and so di�erent
modestravel at di�erent velocities. This givesrise to inter-modal dispersion. The paths
are illustrated in �g. 34.

We can calculate the time delay betweenthe extrememodescorresponding to � min = � c

(m large) and � max = 90� (m small).

The velocity is csin� =nf so

� t = (1=sin� c � 1=sin90� )Ln f =c

� t = (nf � nc)Ln f =(cnc)

To minimize the e�ects of this delay we must reducethe number of modes. We canreduce
D so we get just a small number of possiblemodes.

The above ray model only gives us a qualitativ e picture of what is happening. If we go
the whole way and solve Maxwell's equationsfor the EM �elds in the guide we �nd that
the mode �eld variesas:
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Figure 33: Electric �eld pro�les acrossa planar waveguide
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Figure 34: Paths for di�erent modesin a planar waveguide

expi (! t � � z) where z is the axis along the centre of the guide and � is known as the
mode propogation constant.

You should recall that for such a wave the phasevelocity is given by ! =� and the group
velocity is given by @! =@� .

The phaseand group velocity are plotted as a function of � in �g. 35.

Note as we approach � c (mode m maximum) the phasevelocity is given by c=nc and as
we approach � = 90 (mode m=0) the phasevelocity is given by c=nf .

6.4 Rays in a cylindrical cladded �bre

A cladded�bre has a core refractive index nf and an outer cladding refractive index nc

which is slightly lessthan the core. Then rays travelling down the �bre nearly parallel to
the axis will su�er TIR.

Considera meridional ray in the �bre. Such a ray is coplanarwith the axis of the cylinder
as shown in Fig. 36.

If � i is the injection anglewrt the axis and � t is the transmissionanglewrt the axis inside
the �bre then over a �bre length L the path length is given by:

l = L= cos� t = L=
q

1 � sin2 � t

The number of re
ections in length L with diameter D is:

N � l=(D=sin� t ) to within � 1
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Figure 35: Phaseand group velocity
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Figure 36: Meridional ray in cylindrical �bre

So if D = 50�m and � t = 30� , N=11500 per metre. Therefore there are potentially a
large number of re
ections and possiblelarge lossesdue to imperfectionsin the surface.

6.5 Fibre optics

A practical �bre optic consistsof a very thin core of doped silica (very pure glass)sur-
roundedby a claddingof silica with slightly smaller refractive index. This is then encased
in protective coatingsof siliconeand bu�er materials.

To �nd the modesof propogation in the �bre weshouldsolveMaxwell's equationsin cylin-
drical polar coordinates with the appropriate boundary conditions at the core cladding
interface. It is found that there are TM and TE modessimilar to the planar waveguide
casebut 2 integersare now required to label the modes,TEml . Such transversemodes
correspond to meridional rays. However we can also get skew rays which spiral down
the cylindrical core and these lead to HE and EH modes in which both E and H have
transversecomponents. The ray picture of thesemodesis illustrated in Fig. 37.

Thesemodescanbe approximated by linearly polarizedmodeswith radial and azimuthal
structure in the �bre. Theseare designatedLP lm where the �rst subscript refers to the
azimuthal state and the secondto the radial state. The simplest mode hasno azimuthal
structure LP01. The intensity of modesacrossthe �bre are illustrated in Fig. 38.

We can de�ne a normalised thicknessfor a cylindrical �bre
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Figure 37: Skew ray in cylindrical �bre

Figure 38: Modespatterns in cylindrical �bre
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V = (2� a=� o)
q

n2
f � n2

c = (2� a=� o)(N:A:)

wherea is the radius of the coreand N.A. is the numerical aperture.

If V < 2:4 then only the LP01 mode can propogateand we get a singlemode �br e.

a < (2:4� o=2� n)=(N:A:)

For exampleif nf = 1:53 and nc = 1:5 if � o = 1�m then a < 1:27�m . Singlemode �bres
are very thin!

Thicker �bres that can propogate many modes are called multimode �br es. The total
number of modesN � V 2=2 (note now proportional to V 2 becausethe �bre is cylindrical
rather than planar). The crossectionsof di�erent typesof �bre are shown in Fig. 39.

Figure 39: Construction of optical �bres a) Wide-band graded-indexmultimode, b) Step-
index single-mode and c) large-coreplastic-clad optical.
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6.6 Step index and graded index �bres

In a step index �bre the transition from core�bre index nf to cladding index nc is sharp.

In a graded index �bre the core �bre index nf varies radially through the core with a
peak on the axis and a smooth or gradeddrop to the cladding nc at the coreradius a.

Theseare illustrated in Fig. 40.

Figure 40: The index pro�les of step index and gradedindex �bres

Both typesof �bre propogate3 kinds of rays:

� central

� meridional

� helical or skew

Theseare illustrated in Fig. 41.

In a step index �bres the meridional and helical rays have larger optical path lengthsand
henceare much slower than the central ray mode.

In a gradedindex �bre the meridional and helical rays (modes)spend lesstime in regions
of high index. Thereforedespitethe longerphysical path length the corresponding modes
tend to have velocities which are larger and closerto the central ray mode. That is graded
index �bres exhibit reducedintermodal dispersion.

6.7 Disp ersion in �bre optics

� intermodal
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Figure 41: Typesof ray in cylindrical �bres

� pro�le

� material

� wave guide

Intermodal dispersion arisesfrom the di�erent path lengths for propogation modes.

Pro�le dispersion arisesfrom the fact that � = (nf � nc)=nf is a function of � . Real
sourcesof light always have a �nite bandwidth and so� variesover the bandwidth of the
pulse. This dispersiondependson both nc and nf .

Material dispersion arisesbecausenf dependson � soeven if the wave is con�ned to the
corewe still su�er dispersionfrom the �nite bandwidth.

vg = d! =dk = � � 2dv=d� but

v = c=(�n ) so

vg = (1 + (�=n )dn=d� )c=n

If there is a spreadof wavelengths� � then the corresponding spreadin group velocity
will be

� vg = � �dv g=d�
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So if we initially have a very short pulseafter a distanceL it will be spreadin time by

� t = L(1=v1 � 1=v2) = � L � vg=v2
g

Substituting for vg and � vg givesus an expressionfor this time delay. In practice the 2nd
derivative term d2n=d� 2 dominatesand we �nd

� t � j � (L� � �=c )(d2n=d� 2)j

For silica this passesthrough zero for � = 1:3�m Fig. 42 shows the 2nd derivative term
for silica.

Figure 42: 2nd derivative term in silica

Waveguidedispersion arisesfrom the fact that the mode velocity dependson � (� ). This
comesfrom the solution to Maxwell's equationsin a cylindrical waveguide.

6.8 Losses in �bre optics

� bending losses

� intrinsic �bre losses
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� impurities

� joins

Bending alters the TIR conditions at the �bre-cladding interface and at somecritical
radius of curvature the �bre will leak badly for a given mode. Another way of viewing
this is to considerthe wavefronts for a particular mode. At a bend wavefronts at large
radii must travel faster than the speedof light to maintain phase.As this is not possible
thesewavefronts are radiated away.

The absorption constant associated with a bend is given by

� R = C exp(� R=Rc) where R is the radius of the bend and Rc is a critical radius. In
practice

Rc = a=(N:A:)2

and heavy lossesdon't occur beforethe �bre snaps.Bending lossesare illustrated in Fig.
43.

Figure 43: Bending lossesoccur whenwavefronts areunableto maintain phasecontinuity.

Intrinsic scattering and absorption occursbecausethe material is inhomogeneous.If the
refractive index variesover a length scaleof � �= 10 then get Rayleigh scattering.

Impurities in the glasscauseabsorption. The pure silica contains traces of F e3+ , Cu2+

and OH � along with the doping material GeO2.

Joins are a major sourceof losses.Fresnel lossesarise becauseof re
ections at any air-
glassinterfaces. Lossesobviously result if the �bres are not aligned to a common axis.
Di�raction lossesoccur at any exit and entrance apertures.
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RF = (nf � no)2=(nf + no)2

The re
ection lossesare reducedby excluding the air using a 
uid with refractive index
matched to the �bre material.

6.9 Comm unication using �bre optics

The potential advantagesof �bre optics for use in communication systemsare consider-
able:

� Very high frequency carrier so potentially very large bandwidth for information
transfer. � = 1014 Hz for � = 3�m .

� Very compact. Both �bre links and the transmitters and receivers are small.

� Low cost.

� Low attenuation. They usevery little power.

� Immune to electrical interference.

� Non-hazardous.There are no high voltages.

However they are not without their problems:

� Manufacture of low loss�bres is di�cult.

� Modulation and subsequent demodulation of the light wave carrier is tricky and as
yet the full bandwidth capability can't be realized. Lasersprovide powerful light
sourcesbut are di�cult to modulate at high switching rates. LED's are easierto
modulate but producelesspower.

� Joining �bres and repairing breaksis di�cult.

The 2nd generationtechnology 1980'sachieved up to � 1:7 G bits/sec. This is pushing
the �bre, the sourceand the detector technology. We must work at 1.3 � m to reduce
attenuation and dispersionlossesin silica �bres and hencethe sourcesand detectorsmust
work at this wavelength.

3rd generationworking at 1.5 � m up to � 2:5 G bits/sec by reducing dispersion in �bre
and using narrower spectrum in source.

Higher rates achieved using improved multiplexing rather than better �bre, � 10 T
bits/sec. Record14 T bits/s.
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6.10 Comm unication examples

A typical telephoneconversation hasa bandwidth of at least 0-4kHz i.e. f max = 4kHz.

For digital encoding we require 8 � 2 � 4000= 64 kbits/sec using 1 byte per sampleand
two samplesper period (the Nyquist rate).

Therefore a single link can transmit up to 25000speach channels allowing for coding
overheads,error trapping and so forth. Not bad for 1 �bre. However the limit set by the
carrier frequencyand dispersion in the �bre is > 109!

A DVD quality video is 5 Mbits/sec so can get may 100's of video streamsin a single
�bre.

7 Polarization

7.1 The linear polarizer

Such a deviceproducesa P-state from an unpolarizedbeam. Natural light ! linear light.

We can model natural light as2 orthogonal P-stateswhich are incoherent, i.e. the phase
di�erence betweenthe states keepschanging. The linear polarizer removesor absorbs1
of thesestates. The axis of the linear polarizer is de�ned by the plane of polarization of
the resultant P-state.

The e�ectivenessof a linear polarizer is indicated by the extinction ratio, the ratio of the
min:max transmission(intensity) for a plane polarized beam.

7.2 The law of Malus

Supposewe have 2 linear polarizers in seriesas illustrated in Fig. 44. The �rst is called
the polarizer and producesplane polarized light from an unpolarized beam. The second
is called the analyser.

Let the anglebetweenthe axesof the polarizer and analyserbe � .

The P-state producedby the polarizer can be resolved into P-statesk and ? to the axis
of the analyser:
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Figure 44: Using a polarizer and analyser

Ek = E cos� and E? = E sin� .

The analyserwill remove the E? component leaving amplitude E cos� . Hencethe inten-
sity is:

I (� ) = I 2
o cos2 �

This is the law of Malus named after Etienne Malus who published this relationship in
1809.

7.3 Dic hroic crystals

Crystals which acted as linear polarizerswere known to Newton. Materials which pref-
erentially absorboneP-state are said to be dichroic becausethe behaviour is dependent
of colour (wavelength) and the crystals appear to have di�erent coloursdependingon the
illumination and direction of viewing.

Dichroism arisesfrom a complexrefractive index which dependson the direction of pro-
pogation - anisotropy of the refractive index.

Examplesof naturally occuring dichroic crystals are tourmaline and herapathite. Within
such crystals there is a speci�c direction (or directions) know as the optic axis (or optic
axes).

Uniaxial crystals contain just 1 optic axis.

If the E vector is ? to this axis then the polarization state is stongly absorbed. So if the
crystal is cut with a facek to the optic axis and illuminated ? to that face it acts as a
linear polarizer.

The e�ciency of the polarizerdependson the wavelength. e.g. if tourmaline is illuminated

63



by natural light normal to the principal optic axis it looks green(transmitted light) but
if illuminated parallel to the sameaxis it looks pearly black. (2 colours- dichroic). The
mineral hypersthenecan look pink or greenwhen illuminated by plane polarized white
light.

This behaviour is causedby anisotropy in the electronicbonding structure of the crystal.
Sti� bonds corresponding to a large restoring force per unit displacement have high res-
onancefrequenciesand weaker bonds have low resonancefrequencies.Furthermore the
bondshave di�erent damping constants. This leadsto di�erent refractive indicesfor dif-
ferent directions in the crystal. Dichroic behaviour ariseswhen the damping (absorption)
is particularly strong for somedirections.

7.4 Complex refractiv e index

The phasevelocity is given by v = d! =dk and the refractive index by n = c=v. Therefore:

k = ! n=c

An harmonic travelling wave is given by:

A expi (! t � kz) = A expi (! t � ! nz=c)

If the refractive index is complexthen:

n = nR + in I

If we substitute this into the functional form of the harmonic travelling wave we get:

A expi (! t � ! nRz=c) exp(! nI z=c)

The �rst exponential term propogatesat v = c=nR and the secondexponential term
producesan exponential decay (aborption) or increase(ampli�cation) depending on the
sign of nI . The absorption constant is � = 2! nI =c m� 1. (Factor of 2 becauseenergy
ux
is proportional to amplitude squared).

7.5 The wire grid polarizer

The simplest form of linear polarizer appeals directly to the electromagneticnature of
light. It consistsof a grid of parallel conducting wires with a spacing d order of the
wavelength.
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The E vector parallel to the wires is strongly attenuated becausecurrents are induced.
It is tempting to imagine that the E vector slips betweenthe wires. On the contrary it is
the plane of polarization perpendicular to the wires that is transmitted.

If d < �= 2 then re
ection is strong.

If d � � then transmissionof both polarizations is high.

Such devicesare most usefulat large wavelengths(� -waves) becauseof fabrication prob-
lemsat optical wavelengths.

7.6 Dic hroic sheet - Polaroid

Synthetic dichroic material, dichroic sheetor polaroid was invented by Herbert Land in
1928.

He �rst usedsynthetic herapathite (named after W. Herapath who discovered it).

Polaroid J-sheetis madefrom �nely ground, needlelike herapathite crystals alignedon a
substrate. The crystals are ground small to reducethe scattering but J-sheetstill looks
milky.

Polaroid H-sheet invented by Land in 1938 is the molecular analog of the wire grid.
Polyvinyl alcohol is stretched in 1 direction to form a sheetin which the chain molecules
are aligned. It is then doped (soaked) with iodine ink to make the moleculesconducting.
The high transmissionis perpendicular to the stretching direction. H-sheetdoesnot su�er
from scattering but is not very good at the blue end of the spectrum.

Modern developments e.g. K-sheet and HR-sheetimprove the spectral range.

Linear Polarizer Extinction ratio

calcite 10� 7

polaroid 10� 3 to 10� 5

tourmaline 10� 3

wire grid 10� 2

7.7 Polarization by scattering - dip ole scattering

From EM theory the radiation E-�eld from an oscillating dipole at a distancer � � is:
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E =
k2[P] sin�

4� "or
�̂

where[P] is the dipole moment at the retarded time t0 = t � r=c.

[P] = qlo expi! (t � r =c) whereq is the chargeand lo is the maximum separation. c.f. the
previous expressionfor a current element in a half wavelength dipole. In that casewe
expressedthe �eld in terms of a current which introduceda factor of i! .

The geometryis shown in Fig. 45.

Figure 45: Radiation pattern from an oscillating dipole

Similarly the magnetic �eld strength of the radiation �eld is:

H = �
ck2

4� r
[P] ^ r̂

which is perpendicular to E.
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Sothe Poynting vector N = E ^ H is proportional to k4.

Thus the intensity of scattering from a simple dipole is / 1=� 4. This is called Rayleigh
Scattering. It occurs when the dimensionsof the scatterer are small comparedwith the
wavelength of the EM radiation.

Rayleigh scattering givesus blue sky and red sunsets. Fine particles in the atmosphere
scatter strongly at the blue end of the spectrum so viewing perpendicular to the solar
radiation we seeblue.

The radiation scatteredthrough 90� is plane polarized becausethe E vector is in the �̂
direction wrt the dipole. The geometryof the scattering is shown in Fig. 46.

7.8 Polarization by re
ection

Fresnel'sequationsderived from EM theory give us the amplitude re
ection coe�cien ts
from an interfacebetween2 media.

R? = r 2
? = [Eor =Eoi ]2?

Rk = r 2
k = [Eor =Eoi ]2k

r? =
ni cos� i � nt cos� t

ni cos� i + nt cos� t

r k =
nt cos� i � ni cos� t

nt cos� i + ni cos� t

If we substitute for the refractive indicesusing Snell's law:

r? = �
sin(� i � � t )
sin(� i + � t )

r k =
tan(� i � � t )
tan(� i + � t )

When tan(� i + � t ) ! 1 , r k ! 0
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Figure 46: Scattering of P-state by a molecule.

68



� t = 90� � i so sin� t = cos� i

but ni sin� i = nt sin� t so:

tan � B = nt=ni where� B is Brewster's angle.

If the E vector is in the plane of re
ection (parallel) then no re
ection occursat � i = � B .

8 Optical anisotrop y

8.1 Birefringence - double refraction

If a material is optically anisotropic, the refractive index n varies with direction and
birefringence or doublerefraction can occur.

The best known example of a birefringent material is the crystaline form of CaCO3,
calcite. The structure is shown in Fig. 47.

Within the crystal structure the carbonate groups lie in planeswhich are perpendicular
to the optic axis.

The O atoms either appear in planesor distributed depending on the viewing direction
wrt the crystal optic axis.

Calcite cleaves along 3 planesto form rhomboid crystals. However the optic axis is not
perpendicular to any of the planes.

If a light rays impingesnormal to any face2 rays (beams)are generatedin the crystal:

� The ordinary ray which passesstraight through asexpected(hencethe name). It is
plane polarized with the E vector perpendicular to the optic axis.

� The extraordinary ray which is refracted. It is plane polarizedwith the E vector in
the plane containing the e-ray and the o-ray.

Theserays are shown in Fig. 48.

The o-ray behaves as expected. Away from normal incidencerefracted wavefronts are
constructedusing Huygens'principle in the usual way.
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Figure 47: Structure of calcite
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Figure 48: e-ray and o-ray in calcite
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The e-ray behaviour is more complicated. The phasevelocity is di�erent parallel and
perpendicular to the optic axis.

nk = 1:486and n? = 1:658

The waveletsare ellipsoidal NOT spherical. The ray doesnot move perpendicular to the
wavefronts!

The ray is de�ned by the direction of energypropogation. i.e. the Poynting vector, S.

S ? E

k ? D

but E is NOT k to D which meansthe polarization is NOT k to E. The wavelet con-
struction for the o-ray and e-ray are shown in Fig. 49.

Figure 49: Waveletsof the e-ray and o-ray

Birefringent materials can be utilized to make very good linear polarizers. There are a
number of cunning arrangements used to separatethe o-ray and e-ray. The extinction
ratio achieved from calcite can be � 10� 7.

8.2 Optical activit y

In the abovedisccussionof birefringencewemight expect a ray propogatingparallel to the
optic axis, an o-ray, to exit unchanged. However in 1811Arago discovered that quartz
could rotate the plane of polarization of a P-state beam. This behaviour is known as
optical activity. It is illustrated in Fig. 50.

Such rotation takes place is somecrystals, e.g. quartz, and somesolutions, e.g. sugar
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Figure 50: Optical activit y in quartz

solutions. Somerotate to the left and someto the right.

� right - dextrorotatory

� left - levorotatory

This behaviour is dependant on wavelength. It is quanti�ed asa speci�c rotation, rotation
per unit length in the material.

It is due to the chiral nature, handedness,of either the crystal structure or the molecules
themselves.

Moleculesin solution can have a chiral characteristic independent of their orientation -
c.f. a box of right handed screws. They are right handed screwswhatever and exhibit
mirror or re
ection symmetry.

Optical activit y arisesbecausethe refrective index is di�erent for the circular R and L
states.

P = R + L but the wavelength is slightly di�erent for the component circular states so
P rotates.

In a liquid there is no optic axisand the rotation proceedswhatever the direction. However
in an optically activecrystal the polarization state that canpropogateunchangeddepends
on the direction.

Schematically for any direction in an optically activecrystal wecanget 2 refractive indices
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and 2 propogationstatesof polarization. Wecanplot the indicesasa function of direction
to generatenormal surfaces. Thesesurfaceare shown schematically in Fig. 51.

Figure 51: Wave propogation in an anisotropic medium - normal or index surfaces,(a) a
positive and (b) a negative uniaxial crystal.

Along the optic axis the polarization states are R and L and in the caseof quartz the
normal surfacesdon't meet. Soin the direction of the optic axis thesestatespropogateat
di�erent speedshencewe seeoptical activit y. Note the separationof the normal surfaces
on the diagram is exaggerated.It should be � 0:6% of the radius normal to the axis and
� 0:005%parallel to the axis.

8.3 Retarders

Propogation perpendicular to the optic axis the polarization states are 2 orthogonal P-
states with the E vector parallel and perpendicular the axis. For a positive uniaxial
material, e.g. quartz, the state in which E is parallel to the optic axis is slow. For
a negative uniaxial material like calcite this is the fast direction. So for propogation
perpendicular to the optic axis 1 P-state is retarded wrt the other.

The path di�erence is given by:

� = d(jno � nej) whered is the distancethrough the crystal.

Thereforethe phasedi�erence is:

� =
2�
�

d(jno � nej)

Retardersare characterisedby the phasedi�erence they introduce betweenthe P-states
with E vector perpendicular and parallel to the optic axis:
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� � = 2� - full wave plate - such a device is chromatic. Only 1 wavelength actually
satis�es the required phasecondition. That wavelength will propogate acrossthe
plate unaltered. Thereforewhen placedbetweencrossedpolaroidsa full wave plate
acts as a wavelength speci�c absorption �lter.

� � = � - half wave plate - if incoming plane polarized light is at an angle � to the
fast axis then it will rotate (
ip) the plane through 2� to � � . Similarly is will 
ip
the major axis of elliptical light and invert the handednessof circular light.

� � = � =2 - quarter wave plate - if a P-state is incoming at 45� to the optic axis then
circular light will emergeand vice versa. At other anglesthe plate will transform a
P-state into an elliptical state.

Note that retardation plates have no e�ect if linear light is incident perpendicular or
parallel to the optic axis sinceonly 1 mode is excited. You only get a phasedi�erence
between2 modesif there are 2 modes.

A half-wave plate is illustrated in Fig. 52.

9 Induced optical anisotrop y

9.1 Faraday rotation - magnetically induced optical activit y

In 1845MichaelFaraday discoveredthat the propogationof light through a mediumcould
be in
uenced by the application of a strong magnetic �eld. At the time this wasa strong
indication that there was an intimate connectionbetweenlight an electromagnetism.

If the applied B �eld is parallel to the direction of propogation then the plane of polar-
ization of linear light is rotated by an angle:

� = VBd

whereV is the Verdet constant and d is the path length. V is a property of the medium
and varieswith temperature and the frequencyof the light.

The theoretical treatment of the Faraday e�ect involves the quantum mechanical theory
of the molecularelectronenergylevelsin the presenceof a magnetic�eld. A naiveclassical
picture involves the magnetic force on the bound electrons. Such forcesact radially on
the orbiting electrons. The interaction alters the electric dipole moment of the electron
and hencechangesthe dielectric constant, " .
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Figure 52: Half-wave plate
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Under the in
uence of a beamof circular light the electronsare forcedto circulate by the
varying E �eld.

Thus in the presenceof an applied B �eld and a circularly polarized light beam the
electronsorbit at slightly di�erent radii dependingon the direction of the B �eld wrt the
direction of propogation. We get two refractive indicesnR and nL .

The circular components of a plane polarizedbeamtravel at slightly di�erent speedsand
so the plane of polarization rotates - optical activit y is induced by the magnetic �eld.

The plane of polarization is rotated in the same direction as the current required to
generatethe applied �eld if the Verdet constant is positive (diamagnetic).

Note the handednessof the rotation dependson the direction of the beam. This is di�erent
from normal optical activit y.

Note also that in the caseof magnetic materials the rotation angle � depends on the
magnetization in the material not the applied �eld.

The Faraday e�ect can be utilized in a modulator. An infra read modulator can useYIG
(magnetic yttrium iron garnet + gallium). This is illustrated in Fig. 53.

Figure 53: Faraday e�ect modulator

The specimenis saturatedby a constant B �eld perpendicular to the axis and the parallel
component is modulated using an axial coil. The rotation � dependson the modulated
parallel �eld and the analysersamplesaccordingto the Law of Malus. Hencethe laser
beamis amplitude modulated.

The Faraday e�ect can also be used to produce an optical isolator - a device which
transmits light in onedirection but not the other. A Faraday rotating medium is placed
betweentwo polarizerssetat 45� to each other. The magnetic�eld is set to givea rotation
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of 45� sothat a P-state beamis transmitted without loss. However if the beamis reversed
the plane of polarization is rotated in the opposite direction (The B-�eld now points in
the opposite direction wrt the propogation direction, seeabove) and therefore hits the
secondpolarizer at 90� and is blocked.

There are also the Voigt (in vapour) and Cotton-Mouton (in liquid) magneto-optical
e�ects in which the B �eld is applied perpendicular to the propogation direction and
birefringence is induced in the material.

9.2 Liquid crystals

The passive digital liquid crystal display on your wrist watch is a �ne exampleof useful
optics.

The liquid crystal state is a phaseoccupiedby many organicmaterials over a small range
of temperature.

As the temperature increasesthe material passesfrom solid, through a liquid crystal phase
(often with a milky appearance)to a clear liquid.

The material consistsof rod like moleculesthat assumecertain orientations with each
other in the L.C. state.

A director is usedto describe the preferred orientation in the L.C. state. This is a unit
vector in the frame of referenceof each molecule.

Three typesof ordering occur, nematic, cholestericand smectic.

Liquid crystals have the following properties:

� Under nematic ordering the directors are parallel to each other but the molecules
are free to move as in a liquid.

� There is an ordering with respect to the liquid surface. Depending on the type of
surface,rough, smooth, etc., the directors either lie parallel or perpendicular to the
surface.

� The dielectric constant of the material dependson the direction of E with respect
to the directors " k and "? . Thus sincethe moleculesare freeto move the application
of an electric �eld changesthe direction of the directors. If " k > "? then have a
positive material with minimum energywhen directors are k to the �eld. A critical
�eld strength Ec is required to align the directors.
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� The material exhibits strong optical activit y becauseof the orientation of the direc-
tors.

The ordering is shown schematically in Fig. 54.

Figure 54: Order in liquid crystals, (a) nematic and (b) cholersteric.

We can usethe above properties in what is called a twisted nematic cell. Liquid crystal
is sandwiched betweenparallel plates.

The surfaceordering property is usedto twist the directors through 90� asthey passfrom
onesideof the cell to the other.

If a voltage is now applied betweenthe plates such that E > Ec directors in the bulk of
the cell are forcedparallel to the applied �eld.

When V = 0 a plane polarized beampassingacrossthe cell will be rotated through 90� .
When V > Ecd a plane polarized beamis not e�ected as it passesthrough the cell. This
is shown in Fig. 55.
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Figure 55: Operation of liquid crystals

We can placesuch a cell betweentwo polarizersaligned to the ordering direction de�ned
by the plate surfaces.A mirror is placedon onesideof the cell.

Incident, unpolarized light is polarized on entry to the cell. If V = 0 the plane of
polarization is rotated so that it is alignedwith the other polarizer when it exits the cell.
The mirror re
ects the light and the beam travels back though the system. So if V = 0
we seea good re
ection.

If V > Ecd is applied the plane of polarization is not rotated by the liquid crystal and
the beamcannot penitrate to the mirror so we seevery little re
ection.

Sowe can control the re
ectivit y usingan applied voltage. In practice an A.C. waveform,
25 ! 1000H z, is usedand the cell reactsto the r.m.s. voltage. This givesthe cell a much
longer lifetime.

The action of an LCD cell is shown in Fig. 56.

Figure 56: Action of Liquid Crystal Display

The now familiar LCD displays are:

� very low power

� rather slow
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� brightnesslimited by re
ectivit y of polarized beam

� very versatile

The behaviour of the LC to an external �eld is an exampleof an electro-optic e�ect.

9.3 The Kerr and Pockels e�ects

The �rst electro-optic e�ect was discoveredby John Kerr in 1875.

Birefringencecan be induced by an electric �eld. Refractive indicesnk and n? are seen
parallel and perpendicular to the �eld.

The di�erence in refractive index is given by:

� n = � oK E 2

whereK is the Kerr constant for the medium. Note the quadratic dependenceon E. The
e�ect is usedin a Kerr Cell which can be usedas an optical shutter.

If the applied voltageV = 0 then there is no transmissionthrough the crossedpolarizers.
A V is applied birefringenceis induced and the cell transmits.

Such shutters can be usedto Q switch lasers.

Such switchescan operate at a frequencyof � 1010H z.

Kerr Cells act as a variable waveplate. Such a cell is illustrated in Fig. 57.

� � = 2� K lV 2=d2

For exampleusing the liquid nitrobenzenein a cell d = 10mm and l = 50mm, if V =
3 � 104V get a half wave plate.

Carl Pockels discovered a linear electro-optic e�ect in 1893. In is only seenin certain
crystals that lack a centre of symmetry (and which are alsopiezoelectric).

A Pockels cell can be constructed in a similar way to the Kerr cell. They require only
a tenth of the voltage of that neededfor the Kerr cell and don't contain toxic liquid.
The electric �eld is applied perpendicular (transverse) or parallel (longitudinal) to the
direction of propogation dependingon the crystal type. They have switching times of less
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Figure 57: Kerr cell

than 10ns and can modulate at frequenciesupto 25GH z. A longitudinal cell is shown in
Fig. 58. The phaseretardanceis given by:

Figure 58: Pockels cell

� � = 2� n3
or63V=� o

wherer63 is the electro-opticconstant in m/V, no is the refractive index, V is the applied
potential and � o is the vacuum wavelength in metres.

An exampleof a suitable crystal is ammoniumdihydrogenphosphate(N H 4H2PO4) ADP
for which r 63 = 8:5 � 10� 12 m/V, no = 1:52 at � o = 546:1 nm and the voltage for a half
wave plate is V�= 2 = 9:2 kV.
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10 Nonlinear optics

Glassand similar dielectric materials have a dielectric constant or refractive index which
is nonlinear. That is it dependson the electric �eld intensity. For examplein fusedquartz
this is causedby the Kerr e�ect which hasa responsetime of 10� 15 seconds.

SiO2 hasa nonlinear refractive index of the form

n(! ) = no(! ) + i� (! ) + n2jE j2

whereno = 1:5, n2 = 3 � 10� 22 (V/m) � 2 and � represents absorption.

10.1 Solitons

The transverseelectric �eld of an EM-wave pulse travelling in an optical �bre has the
form

E(x; r; t) = R(r )Ref � (x; t) exp(i (kox � ! ot))g

wherex is along the �bre, R(r ) is a radial eigenfunctionand the phasevelocity is given
by ! o=ko = c=no(! o). The function � (x; t) is a complex envelope which is assumedto
vary slowly comparedwith the carrier. Integrating over the radial coordinate the classical
equation of motion of the envelope can be derived from Maxwell's equationsand is given
by

i
@�
@t

+ i!
0

o
@�
@x

+ i� o� +
1
2

!
00

o
@2�
@x2

+
� ! on2

no
j� j2� = 0

where!
0

o = @! o=@ko, !
00

o = @2! o=@k2
o, � o = � (! o)! o=no and � is approximately unity but

dependson the radial pro�le of the electric �eld.

The secondterm givesthe main group velocity of the envelope, the third term describes
absorption, the fourth term describesfurther dispersionand the �fth term is the nonlin-
earity.

If the absorption term is zeroand !
00

o > 0 (anomalousdispersion) and the nonlinearity is
positive n2 > 0 this wave equation hasstationary pulsesolutionsof the form
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� (x; t) = Essech(
t � to � x=vg

�
) exp(i (�x � 
 t))

where � is the pulse width, to is the pulse centre and vg is the pulse speed. The shape
of the pulse doesnot changewith time, that is there is no dispersion. The nonlinearity
has e�ectively cancelledthe e�ects of dispersion. The width of the pulse is inversely
proportional to the maximum �eld intensity.

E 2
s =

no!
00

o

� ! on2v2
g� 2

Note that the wavenumber and frequencyof the carrier are modi�ed (shifted) slightly by
� and 
.

Using the valuesfor the refractive index of SiO2 if � = 3 ps and f o = ! o=(2� ) = 4 � 1014

Hz then in a �bre of cross-section10�m 2 the power in the pulse is 90 mW.

Such a pulse is called an optical soliton. It was predicted to be possibletheoretically in
1973and �rst demonstratedin 1980.

In 1988 soliton pulseswere transmitted 4000 km error free using the Raman e�ect to
overcomelosses(provide optical gain).

In 1991the record was extendedto 14000km using optical �bre ampli�ers. Sectionsof
�bre were doped with erbium and pumped to energisethe optical pulses.

A so called solitary wave was �rst observed by J. Scott Russellon the Edinburgh- Glas-
gow canal in 1834. The equation which describes such a water wave was discovered by
Korteweg and de Vries in 1895and is referredto as the KdV equation.

@u
@t

+ v0(
@u
@x

+ ru
@u
@x

+ q
@3u
@x3

) = 0 (4)

This equation was originally analysedin the context of the irrotational two-dimensional

o w of an incompressibleinviscid 
uid boundedabove by a free surfaceand below by a
horizontal plane. In other words wavesin water of �nite depth.

Soliton solutions to the KdV equation and optical solitons have the remarkable property
that they interact strongly whenthey overlap but after the interaction they remain intact.
They behave rather like particles.
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10.2 Frequency doubling and mixing

In the linear, isotropic casethe polarization in a dielectric is proportional to the electric
�eld:

P = � o� eE

and the electric displacement is given by:

D = � oE + P = � o(1 + � e)E = � o� r E

so the susceptibility is related to the permittivit y:

� e = � r � 1

In a non-linear dielectric the polarization includeshigher order terms of susceptibility:

P = � o(� 1E + � 2E 2:::)

Thereforethe E �eld from a light wave Eo cos! t inducesa polarization of the form:

P = � o(� 1Eo cos! t + � 2(Eo cos! t)2:::)

or

P = � o(� 1Eo cos! t + 1
2 � 2E 2

o(cos2! t + 1):::)

This polarization is oscillating at harmonic frequencies2! , 3! etc. as well as the funda-
mental ! . The dielectric radiates at these higher frequencies. The secondharmonic is
readily producedin non-linear dielectrics - frequencydoubling. Unfortunately dielectrics
are also dispersive so that the di�erent frequenciestravel at di�erent velocities and in-
terfere. This limits the thicknessof dielectric that can be usedand hencethe e�ciency .
However birefringent materialsproducetwo wavesin di�erent directionsand the direction
of illumination canbe chosento reducethe interferenceleadingto much higher e�ciencies
- e.g. potassiumdihydrogenphosphateKDP can give a 30%yield in frequencydoubling.

If two laser beamsof di�erent frequency! 1 and ! 2 propogate in a non-linear dielectric
then the non-linearity couplesthe two wavesproducing the sumand di�erence frequencies
! 1 � ! 2 and ! 1 + ! 2. This is called mixing.

In frequencydoubling and mixing photons add (join) or subtract to form new photons.
Theseprocessneed2 photons and a moleculeall closetogether so they only occur with
high probability when the photon 
ux is very large (or equivalently when the E �eld is
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very large).
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